Topology optimization offers great opportunities to design permanent magnetic systems that have specific external field characteristics. Additive manufacturing of polymer bonded magnets with an end-user 3D printer can be used to manufacture permanent magnets with structures that have been difficult or impossible to manufacture previously. This work combines these two powerful methods to design and manufacture permanent magnetic system with specific properties. The topology optimization framework is simple, fast, and accurate. It can be also used for reverse engineering of permanent magnets in order to find the topology from field measurements. Furthermore, a magnetic system that generate a linear external field above the magnet is presented. With a volume constraint the amount of magnetic material can be minimized without losing performance. Simulations and measurements of the printed system show a very good agreement.
INTRODUCTION
Polymer bonded permanent magnets are used in a multitude of applications, ranging from sensors to various electric drive technology [1] [2] [3] . These kinds of magnets have extremely low eddy current losses due to their low conductivity. This means, they can achieve higher efficiency compared to NdFeB sintered magnets that are usually used for radial gap motors [4] . For one or more dimensional sensing of position or rotation in electrical machines and mechanical components, the external field of the bias magnet is an important aspect for an accurate measurement [5] . The magnetic field of the bias magnet can be influenced by the topology and the magnetization direction. All these applications need a special designed magnetic field for their usage. Moreover, it is often desirable to reduce the amount of material required to generate the target field in order to reduce production costs, and rare-earth elements in permanent magnets [6] .
The generated external field of a given magnetic system can be designed with different methods. Examples are an inverse magnetic field computation based on a finite elements method (FEM) where the magnetization M of a defined structure is optimized [7, 8] . Shape optimization improves existing designs for better performance [9] . The reciprocity theorem can be employed to calculate the optimal remanent flux density of a permanent magnet system [10] . Parameter variation simulations can be used to find an optimal layout of predefined magnetic structures [5, 11] . However, all these methods needs a initial layout of the permanent magnetic system. Compared to these optimization procedures, topology optimization allows the designer of magnetic systems to find * Correspondence to: christian.huber@tuwien.ac.at a suitable topology of the magnets from scratch. Topology optimization was initiated by mechanical and structural engineers [12, 13] . Nowadays, it is a well established method for magnetic field problems. Possible applications include optimization of write heads of hard disks [14] , optimization of magnetostrictive sensor applications [15] , designing of C-core actuators [16] , and optimization of rotors of brushless DC motors [17] .
To proof the optimization results and to manufacture prototypes of the magnetic system, a single-unit production process is necessary. Recently, it was shown that an end-user 3D printer can be used to print polymer bonded magnets with a complex shape [8, 18] . 3D printing, or fused deposition modeling (FDM), is an affordable technique to manufacture models, prototypes, or end products with a minimum amount of wasted material and time. The FDM technology works by heating up wire-shaped thermoplastic filaments above the softening point. A movable extruder press the molten thermoplastic through a nozzle and builds up the object layer by layer [19] .
In contrast to sintered magnets, polymer bonded magnets enable the manufacturing of complex shapes and features. A disadvantage of polymer bonded magnets is their lower (BH) max , what is barely half of sintered one [20] . Polymer bonded magnets are composed of permanent magnetic powder with a filler content between 40 -65 vol.% in a polymer binder matrix. Hard magnetic ferrite (e.g. Sr, Ba), or rare-earth materials (e.g. NdFeB) are commercially available, as magnetic powder. Here, a prefabricated magnetic compound (Neofer ® 25/60p) from Magnetfabrik Bonn GmbH is used to deduct the quality of the topology optimization results. The compound material consists of NdFeB grains with uniaxial magnetocrystalline anisotropy inside a PA11 matrix. The powder has a spherical morphology, and it is produced by employing an atomization process followed by heat arXiv:1702.01968v1 [cond-mat.mtrl-sci] 7 Feb 2017 treatment. The compound consists of 90 wt.% NdFeB powder, and it has a remanence B r = 387 mT and a coercivity H cj = 771 kA/m [18] .
In this work, a simple but accurate topology optimization simulation framework is presented. We consider the possibility of the topology optimization to reconstruct (reverse engineering) the structure of a measured magnetic field and print the result. Moreover, a special structure for a given target field is presented and physically created.
DENSITY METHOD
In this work, the density method (also known as solid isotropic microstructure with penalization (SIMP)) is used to solve the topology optimization problems. This method considers the density of the material in each element, which ranges from 0 (void) to 1 (bulk). This leads to one of optimization variable per element. Intermediate densities are penalized in this approach, which means that the density of the final design should be only 0 or 1 [13] . For permanent magnetic systems the magnetization of an element in the design domain Ω m ⊂ R 3 can be formulated for the design method as:
where ∈ [0, 1] is the density value of a FEM element, p = 1 is the penalization parameter [15] , and M 0 is the magnetization. The general topology optimization problem with the density method can be formulated as:
Find: min J( ) subject to:
with the objective function J and the maximum Volume V of the design as a constraint.
A finite element method (FEM) based on the FEM library FEniCS [21] , and the library dolfin-adjoint [22] for the automatic derivation of the adjoint equation of a given problem is used to solve the topology optimization. Dolfin-adjoint is a framework to solve constraint optimization problems by partial differential equations (PDE). The minimization problem is solved with the IPOPT software library for large scale nonlinear optimization problems [23] .
VALIDATION OF THE METHOD
To proof the effectiveness of our topology optimization framework, the magnetic field B z in a small target volume Ω h should be maximized and compared with a theoretical consideration (Fig. 1) . The design domain Ω m has the dimension R = 10 mm, h = 7 mm, and the target domain is a cube with the side length a = 0.1 mm, 0.1 mm above the design domain. To maximize B z at Ω h , the objective function has the following form:
with the magnetic field h z ( ). The result of the topology optimization is a conical permanent magnet with a cone angle of α ≈ 35.2
• .
FIG. 1. Maximize
Bz in the region Ω h above the design volume Ωm. The resulting cone has the same angle α ≈ 35.2
• as theoretically predicted.
The theoretical geometry of a magnet that creates a maximum field in a point above the magnet can be simply considered by magnetic dipoles µ in a given design area Ω m (Fig. 2) . The magnetic flux density B of a magnetic dipole is [24] :
with the vacuum permeability µ 0 and the distance to the dipole r. Consider B z in the x − z plane, and for µ e z :
The field B z of a dipole is positive for γ > 0, and negative for γ < 0. Therefore, the dipoles must be positioned at all locations where this relation is fulfilled. This will lead to a maximum field component B z . For the surface condition γ = 0, following relation holds: The theoretical shape for a rotational symmetrical solid is a cone with an angle α ≈ 35.26
• . This calculation confirms the result of the topology optimization.
EXAMPLE I VOLUME CONSTRAINT
Next, the same problem as above is considered, but with a cubic design domain Ω m with a side length a = 10 mm, and a volume constraint. The magnetic field B z in Ω h is simulated for different volume fractions x = V /V max in %. Fig. 3(a) shows the geometry and the solution for two different volume fractions (x = 40 %: blue, x = 100 %: yellow). In Fig. 3(b) B z is plotted in relation of the volume fraction x ∈ [1, 100] %.
It is found that with only 40 % of magnetic material, 94 % of the maximum B z is attainable. These examples show that topology optimization can be used to find the topology of a permanent magnet for a given target field. Furthermore, this method can be used to reduce the amount of applied magnetic material.
EXAMPLE II REVERSE ENGINEERING OF A MAGNETIC TOPOLOGY
Topology optimization is a well known method to design permanent magnets. This section shows a method for the reverse engineering of permanent magnets. This means, that the unknown geometry of a permanent magnetic system can be reconstructed from field measurements. The objective function for the minimization problem in Eq. 2 can be written as:
where h sim ( ) is the the simulated field, and h exp is the measured external field outside the magnet. Recently the 3D printer process for polymer bonded magnets was benchmarked with a complex geometry that is known to minimize the components of the magnetic field B in x and y direction in a wide range along the x-axis. This is an important aspect for sensor applications [3, 18] . Here, the former printed magnet with these special characteristics is scanned with a 3D Hall sensor in a target field volume Ω h with the size of 10×10×2 mm 3 (L×W×H) 0.5 mm above and under the magnet with a resolution of 0.2 mm (Fig. 4(a) ). For the magnetic field measurements the 3D printer is upgraded to a full 3D field scanning setup [18] . Fig. 4(b) shows the design domain Ω m with the dimension 7×4.5×5.5 mm 3 (L×W×H) and the reconstructed topology of the permanent magnet. The mesh of Ω m consists of 476225 tetrahedral elements. It is found that the reconstructed geometry has a different shape as the original one. There is no pyramid tip in the middle of the magnet and the bars on the top are not vertical. Interestingly, the volume of the reconstructed, topology optimized structure is around 5 % lower than the volume of the original structure.
The output of the reconstruction is used to generate a model for the 3D printing process. The model is printed with the same printing parameters, and material (Neofer ® 25/60p) from Magnetfabrik Bonn GmbH as the original one [18] . The printed magnet is magnetized inside a self-built water cooled electromagnet with maximum magnetic flux density of 1.9 T in a permanent operation mode. Fig. 4 (c) displays a line scan 2.5 mm above the pyramid tip (T). Comparison between the original printed magnet and the reconstructed optimized magnets points out a good agreement. A picture of the printed, reconstructed polymer bonded magnet is shown in Fig. 4(d) .
EXAMPLE III LINEAR POSITION MEASUREMENT SETUP
Linear position detection systems measure the position of an object in one direction. Magnetic measurement systems have some great advantages compared with other systems such as, it is a contact-free, low power, cost effective, and it is miniaturizable [25] . Currently, most magnetic measurement systems measure the field of a magnetic system and convert the sensor output signal to the position of the object. The problem is that without an optimization of the bias magnet, the position of an object as a function of the sensor output is highly nonlinear. Additionally, during the manufacturing process of such measurement systems, production tolerances are unavoidable. Parameter variation simulations for such systems already exist [5] . These kind of simulations are restricted, because they need an initial layout of the permanent magnetic system. Here, a polymer bonded permanent magnetic system should generate a linear field in a wide range above, and along the y-direction of the system. Additionally, the volume should be minimized with a constraint. A model of the system is pictured in Fig. 5 . It consist of a predefined not changeable socket. On both sides of the socket a cubic design domain Ω m1 and Ω m2 for the permanent magnets with a side length of a = 10 mm are given. The gap between the two domains is 5 mm. A Hall sensor with a detection volume of 0.22×0.22×0.20 mm 3 (L×W×H) is used for the determination of the position. The target field volume Ω h has the dimension of 1×5×1 mm 3 (L×W×H). Therefore, a tolerance of ±0.78 mm for the sensor position is provided. The target field domain is 1.5 mm above the permanent magnetic setup.
The bias magnet should generate a target field B z theor (r z ) = B max /W r y with B max = 35 mT. The objective function for the minimization problem in Eq. 2 of this system can be formulated as:
where h zsim ( ) is the simulated field component in z direction.
The mesh of one design domain consist of 567888 tetrahedral elements. Simulations are performed with five different volume constraints (V = 300, 500, 1000, 1500, and V max ) in mm 3 . To create a linear magnetic field, design domain Ω m1 is magnetized in z-direction, and Ω m2 is magnetized in −z-direction. Fig. 6(a) shows the magnetic design with the different volume constraints. The field component B z 2 mm above the magnet for the different volume constraints is plotted in Fig.6(b) , and the deviation of the simulated field with the theoretical field B z theor is plotted in Fig.6(c) . The solution without a volume constraint and with a maximum volume of V = 1500 mm 3 is almost the same. If the maximum applicable volume decrease the deviation between the target magnetic field B z theor and the simulated field increase. However, the system can be optimized in both ways. To save volume and costs or to maximize the linearity of the system. For a good compromise between applied volume and linearity of the system, a value of V = 1000 mm 3 leads to a maximum deviation of e = 0.3 mT regarding B z theor and a positioning accuracy of 0.42 µm, respectively. For a low-cost system with a volume of only V = 300 mm 3 the deviation increase to e = 1 mT and a positioning accuracy of 142 µm, respectively.
To verify these simulation results, the magnetic system is printed with two different volume constraints (V = 300 mm 3 and V = 1000 mm 3 ). Fig.7(a) shows the system for these two volume constraints. The optimized magnets are printed with the same configuration and setup as described above. After the printing process the magnets are magnetized inside the electromagnet with a magnetic field of 1.9 T. The socket is printed with pure PA12, and the system is assembled with the two magnetized magnets. Fig.7 (b) displays a comparison between the printed structures and the simulated magnetic field 2 mm above the magnet. It shows a good agreement between the simulated topology optimized and the printed magnet. Fig.7(c) pictures the printed magnets for both volume constraints (right: V 1000 , left: V 300 ), and Fig.7(d) from the whole magnetic system with the printed socket for V = 1000 mm 3 .
CONCLUSION
This article presents a simple, fast, and accurate method for the topology optimization of permanent magnetic systems. As algorithm a FEM based density method is used. With a volume constraint, the amount of magnetic material can be minimized which is an important aspect in order to reduce costs and rare-earth elements in permanent magnets. The solution of the framework is confirmed with a structure that maximizes the field in the magnetization direction. The topology for such a magnet can be calculated by an analytical expression. The optimized and the theoretical structure are in a good agreement.
An additive manufacturing method of polymer bonded magnets is used to manufacture the optimized magnets. The method can be also used to recalculate and print the structure from field measurements. The magnetic field of a former 3D printed polymer bonded magnet is scanned and the topology is reconstructed. Measurements show the same magnetic field characteristic, but with a 5 % lower volume as the original one.
Magnetically linear position detection systems have some great advantages. A problem is the high nonlinearity of the sensor position and the sensor output. Here, a permanent magnetic system is optimized in order to generate a linear magnetic field in a predefined volume above the system. A volume constraint helps to save magnetic material with a minimum of performance loss. The system is printed with different volume constraints. Measurements show a perfect match with simulation results.
